We investigate a class of cylindrically symmetric inhomogeneous Λ-dust spacetimes which have a regular axis and some zero expansion component. For Λ = 0, we obtain new exact solutions to the Einstein equations and show that they are unique, within that class. For Λ = 0, we recover the Senovilla-Vera metric and show that it can be locally matched to an Einstein-Rosen type of exterior. Finally, we explore some consequences of the matching, such as trapped surface formation and gravitational radiation in the exterior.
Introduction
The recent detection of gravitational waves by LIGO [1] has brought extra motivation to investigate models of gravitational collapse with gravitational wave exteriors. This can be done using different approaches such as perturbative methods (see e.g. [2] ), numerical methods (see e.g. [3, 4] ) or exact solutions of the Einstein Field Equations (EFEs), see e.g. [5] . In this paper, we will concentrate on the latter approach.
As is well known, due to Birkhoff's theorem, it is not possible to have gravitational radiation in spherically symmetric vacuum spacetimes. The next simplest symmetry assumption is cylindrical symmetry, whose relevance in relativistic astrophysics has been highlighted e.g. in [6] . In this context, the exact solution found by Einstein and Rosen [7] is of importance since it models the propagation of cylindrical gravitational waves [8] .
A way to construct models of the gravitational collapse of a given matter field is to match the corresponding spacetime to a suitable exterior. An interesting question is then whether one can find physically reasonable interiors to Einstein-Rosen spacetimes modelling gravitational collapse. In that case, the (effective) radial pressure of the interior matter must vanish at the matching boundary, and we shall take the simplest possible model of a collapsing inhomogeneous dust spacetime in cylindrical symmetry.
It is known that it is impossible to match a static vacuum spacetime to spatially homogeneous non-stationary spacetimes in cylindrical symmetry [9] . However, the inhomogeneous analog of this result has not been studied yet except for linear perturbations of Friedman-Lemaître-Robertson-Walker (FLRW) spacetimes [10] . On the other hand, spatially homogeneous dust collapsing models have been proved to match Einstein-Rosen exteriors although with the dramatic consequence of containing trapped cylinders initially [11] . See also [12, 13] , for recent reviews.
The goal of this paper is, firstly, to study cylindrically symmetric inhomogeneous dust collapsing spacetimes and, secondly, to investigate their possible exteriors, in particular of the Einstein-Rosen type. Although some non-spherical dust inhomogeneous exact solutions are known [14, 15, 16] , the only known non-stationary exact solution in cylindrical symmetry, with a regular axis, is the one found by Senovilla and Vera in [17] . A question we wish to address is whether this solution is unique within this class or if it can be generalised, e.g. to include a cosmological constant.
The plan of the paper is as follows: In Section 2, we present the main equations that we use for cylindrically symmetric dust spacetimes as well as our assumptions including the regularity conditions at the axis. Section 3 is devoted to the study of solutions with some zero component of the expansion, while in Section 4 we revisit the Senovilla-Vera solution. In Section 5, we prove that this solution can be matched to an Einstein-Rosen type of exterior and, in Section 6, explore some properties of the matched spacetimes, such as trapped surface formation and gravitational radiation in the exterior.
We use units such that the speed of light c = 1 and greek indices α, β, .. = 0, 1, 2, 3, latin indices a, b, .. = 1, 2, 3 and capitals A, B, .. = 1, 2.
A class of cylindrically symmetric dust spacetimes
We shall assume a non-rotating cylindrically symmetric dust spacetime (M, g) containing an orthogonally transitive G 2 group of symmetries. 1 Using the 1+3 covariant fluid formalism of Ehlers [19] and Ellis [20] , which considers the fluid 4-velocity u α comoving with the fluid, we set the pressure p, vorticity ω αβ and acceleratioṅ u α := u β ∇ β u α to zero. In the 1+3 formalism, the shear σ αβ and the expansion θ αβ of the evolving dust are given by
with θ = ∇ α u α and h αβ = g αβ + u α u β . In turn, the electric and magnetic parts of the Weyl tensor are given by
1 Due to the cyclic symmetry, the group is also Abelian [18] .
where C µνδγ is the Weyl tensor, * C µνδγ = 1 2 η αβ µν C αβδγ its dual and η αβµν the volume element 4-form.
The only irrotational dust solutions which have shear σ αβ and both E αβ and H αβ rotationally symmetric in the same plane belong to the Szekeres class [21] . For example, if σ αβ = 0, one gets the FLRW dust solutions [22] . In the context of collapse models of matched spacetimes, FLRW spacetimes in cylindrical symmetry have been studied in [23, 11, 24] and we shall mostly be interested in spacetimes with some σ αβ = 0.
Considering our assumptions, we take the following ansatz
where the coordinates are comoving with the dust and adapted to the (mutually orthogonal) Killing vectors, with A, B and C being C 2 functions of t and r. In this ansatz, there it is an implicit condition bringing the (t, r) part of the metric to a conformally flat form. This means that t and r have been partly fixed so that we cannot, in general, make independent coordinate rescalings on both coordinates. The EFEs for this metric with an anisotropic fluid were written in [24] and are reproduced in appendix, for the particular case of dust with a cosmological constant Λ, as they will be extensively used here. In this case, the Bianchi identities (68), in a comoving frame with
where f r (r), for now, is a C 2 arbitrary function of r and a t (t) a C 2 function of t. Furthermore, (1) and (2) give the non-zero components
as well as
where we have labeled the coordinates as (t, r, z, φ) = (0, 1, 2, 3) and the dot here is simply the derivative with respect to t. We shall impose the existence of a regular axis of symmetry. Given metric (4), a regular axis [25, 5] is defined as the set of points for which C(t, r) = 0 and
where the prime denotes differentiation with respect to r. This condition is specially hard to be fulfilled and, as we shall see, will rule out some potentially interesting solutions.
Solutions with a zero expansion component
We will now explore solutions which satisfy the conditions of the previous section and have some θ αβ = 0. The main result of this section is the following: 
for Λ > 0 and some c, α ∈ R \ {0}, β, γ ∈ R,
for Λ < 0 and some c, α ∈ R \ {0}, β, γ ∈ R, and the Senovilla-Vera metric 2
for Λ = 0 and some c, γ ∈ R \ {0}, β ∈ R.
The proof of this result will be detailed in the next three subsections, separately, for each case θ 11 = 0, θ 22 = 0 and θ 33 = 0. Before proceeding, we make some remarks:
• As far as we know, the metrics (8) and (9) are new exact solutions to the EFEs. These metrics might be of interest to model physical situations, such as jets, where the spacetime dynamics along the z direction dominates with respect to the dynamics along the other directions. Nevertheless, we shall not explore this further in this article.
• Metric (9) can be obtained from (8) by simply making √ Λ → i √ Λ, and for all metrics (8), (9) and (10) , one can make a coordinate rescaling in the z coordinate in order to fix one of the free constants.
• Considering the context of collapse, one can consider coordinate ranges such that t ≥ 0 and
√ −βγ and γ < 0, β > 0, see also Section 4.
• Metric (8) contains the Einstein static universe, for Λ > 0, γ = δ = β = 0, c = α = 1, given by:
We also note that the ansatz (4) has been considered in [31] for perfect fluid source fields with non-zero pressure (modelling non-singular cosmologies). There, the expansion components are non-zero, in general, but two other assumptions are imposed in order to integrate the EFEs: (i) the expansion θ is proportional to a shear eigenvalue and (ii) the solutions are separable functions in the variables t and r. In our case, under the conditions of the above theorem, we remark that the metric separation of variables leads to static solutions only.
θ 33 = 0
In this case, we haveĊ = 0, giving C = c r (r), where c r is an arbitrary function of r. Then, the regularity condition (7) implies a t = c, where c is constant, and therefore θ 11 = 0. The field equations (63)- (67) imply
We now analyse the above equations, separately, for Λ = 0 and Λ = 0.
Λ = 0
In order to make the exposition more clear, we further split our calculations into the cases Λ < 0 and Λ > 0.
(i) For Λ < 0, solving (12)- (16), gives
where α, β, γ, δ are integration constants. As a consequence of the regularity conditions, and by making the coordinate translation r − ln (α/(2δ)) 1/(2c √ −Λ) → r which sets the axis at r = 0, we get
In this case, the density (5) gives
and we can find open intervals for the free constants such that µ > 0.
(ii) For Λ > 0, the solutions of (12)- (16), are
where α, β, γ, δ are integration constants. Imposing the regularity conditions at the axis and using the coordinate translation r − 1/(c √ Λ) arctan (δ/α) → r, which sets the axis at r = 0, one has
In turn, the density gives
and we can, again, find open intervals for the free constants such that µ > 0.
In this case, solving (12)- (16), yields
and
where α, β, γ, δ are integration constants. The density is then given by
Now, we can make the coordinate translations r + δ → r and t + α → t in order to get the metric form (10).
θ 22 = 0
In this caseḂ = 0, giving B = b r (r), where b r is an arbitrary function of r, and the field equations (63-67) implyȧ
From (33), we have
where λ is a constant, and integrating (34), consideringȧ t = 0, we obtain
, for λ = 0; (35)
where c 1 , c 2 and the d i are integration constants. Ifȧ t = 0, then λ = 0 and a 2 t = −λ/Λ, with Λ < 0 for λ > 0 and Λ > 0 for λ < 0.
For λ = 0, we obtain from (29), (31) and (32) that f r = 0 implying µ = 0. While for λ = 0 from (29), (31), (32) and (34) we have,
and, from (30) and (31), we can obtain
With (37) and (38), we have
which can be rewritten withĊ =ȧ t ∂C/∂a t , assumingȧ t = 0, as
where
The general solution to (40) is
where g r (r) is an arbitrary function of r. From the regularity conditions, we get a t = constant. Then, (34) implies λ = −Λa 2 t . Consequently, one has from (6) that θ 11 = θ 22 = 0, and from (29) one concludes that µ = (2Λ)/κ. If Λ > 0, the solution corresponds to the Einstein static universe with a t = 1, b r = cos( √ Λr) and √ ΛC = sin( √ Λr). For Λ < 0, one obtains b r = cosh( √ −Λr), √ −ΛC = sinh( √ −Λr) and µ = (2Λ)/κ is negative. For Λ = 0, we get µ = 0. We summarize the results of this subsection as: • For Λ = 0, the only solution with µ > 0 which is regular at the axis is the Einstein static universe (11).
• For Λ = 0, there are no regular solutions with µ = 0.
θ 11 = 0
In this case,Ȧ =ȧ t = 0. So, the regularity conditions imply that C is a function of r only and one has θ 33 = 0. Therefore, this case reduces to the case presented in Section 3.1.
Properties of the Senovilla-Vera solution
In this section, we consider the metric (10) in the original form of Senovilla and Vera [17] , i.e. for a setting where there is gravitational collapse with c = 1, β = 1 and γ = −α 2 :
This metric form can also be achieved from (10) by making the rescalings ct → t, cr → r, βz → z and by choosing γβ := −α 2 which ensures collapse, i.e. ensures that g zz evolves to zero. We now revisit the solution (43) and start by recalling some properties which are known from [17] :
Properties 1 For metric (43):
• The spacetimes belong to the Szekeres class II family and are of Petrov type D.
• The curvature singularity t 2 + r 2 = α 2 is spacelike in the region r ∈ [0, α/ √ 2[, null for r = α/ √ 2 and timelike for r ∈ ]α/ √ 2, α], see Figure 1 .
We shall be interested in studying this solution in the specific context of collapse. In order to do that we assume t ≥ 0. Furthermore, we will be interested in the collapse to a spacelike singularity, avoiding naked singular parts, so we would like to think of (43) with r ∈ [0, α/ √ 2[ and look for a suitable exterior.
Before doing that, we investigate other properties which were not studied in [17] , but are of importance here. One such aspect will be to analyse when the surfaces of transitivity of the G 2 group are trapped, i.e. when there is formation of trapped cylinders. So, we look at null 2-surfaces generated by the null vectors
We then take the vectors e 1 = ∂ φ and e 2 = ∂ z , generators of the 2-cylinders and calculate the expansions θ
where A, B = 1, 2 and θ (±) (the trace of θ
The condition θ (±) = 0, for the existence of a marginally trapped cylinder, is equivalent to
for t 2 + r 2 < α 2 . This means that, for a given α, there exists a positive t are trapped. A more detailed analysis reveals that in the (r, t) plane, condition (45) represents arcs of ellipses. The curve θ (+) = 0 crosses the positive part of the t axis at α, the positive part of the r axis at α/ √ 3 and the straight line r = t at t = α/ √ 6, see Figure 1 . In turn, θ (−) = 0 crosses (α/ √ 3, 0) and (α/ √ 2, α/ √ 2), coinciding with the singularity at this point. The matching conditions between two spacetimes imply the continuity of some components of the Riemann tensor through the matching boundary [26] . Specifically for cylindrical symmetry, the various components of the Weyl tensor which have to be continuous across a cylindrical matching boundary were given in [24] . This is specially interesting as the Weyl tensor can be related to the presence of gravitational radiation. So, using (3) with u α = δ α 0 , we computed the non-zero components of the Weyl tensor for (43). We summarize our results as:
Properties 2 For the metric (43):
• There are future marginally outer trapped cylinders along the curve θ (+) = 0, as given by (45) . This curve appears during the process of collapse before the spacelike singularity formation, as shown in Figure 1 .
• The magnetic part of the Weyl tensor vanishes, while the non-zero components of the electric part are given by
We shall then consider the spacetime region r < α/ √ 3 and t ≥ 0 and try to match it to a vacuum exterior. The matching conditions between two spacetimes are the equality of the first and second fundamental forms at the matching surface. A summary of the details on the matching procedure can be found e.g. in [9] . We shall label the interior spacetime with a minus sign and match across cylinders S − parametrised by, say, Φ − = {t = t(λ), r = r(λ), φ = ϕ, z = ξ} as seen from the interior. The coordinates on S − are thus {λ, ξ, ϕ}. The interior matching boundary is a timelike surface ruled by matter trajectories, which are geodesics (this follows from the matching conditions), so we setṫ = 1, r = r 0 , where r 0 < α/ √ 3. The first fundamental form of the interior metric on S − is written as Figure 1 : On the left, we represent a diagram of the spacetime structure of (43), as obtained in [17] . The vertical lines represent the geodesics along which the dust moves from the big bang to the big crunch singularities. The blue dashed lines represent the marginally trapped cylinders obtained from (45). On the right, we represent a cut of the spacetime for r < α/ √ 2. We wish to glue this spacetime to a suitable exterior, across some surface r 0 < α/ √ 3. The resulting model would represent the collapse of dust cylinders from t = 0 to a spacelike singularity which is covered by trapped cylinders of transitivity.
We consider the normal to S − as n − = (−ṙdt +ṫdr)| S − and, as a result, the non-zero components of the second fundamental form of the interior metric on S − are given by
We shall now explore vacuum spacetimes which can be matched to (43). Before that, we wish to highlight some necessary conditions which are a consequence of the matching conditions and of the existence of trapped cylinders in the interior:
Lemma 2 Suppose metric (43), with r < α/ √ 3 and t ≥ 0, is matched across a timelike hypersurface S, foliated by spacelike cylinders, to a suitable cylindrically symmetric exterior. Then, there are trapped cylinders in the exterior which match the interior ones at S.
Matching to a non-stationary vacuum exterior
In this section, we consider the matching of the cylindrical inhomogeneous dust interiors (43) to vacuum cylindrical exteriors, preserving the cylindrical symmetry across the matching boundary. This means, in particular, that one requires that the matching hypersurface is tangent to the orbits of the symmetry group to be preserved (see [27] , for more details). As a consequence, since the interior has θ 22 = 0, it is not expected that it can be matched to static or stationary exteriors (see [13] ). We shall then explore non-stationary exteriors.
The most general diagonal metric form of cylindrically symmetric vacuum spacetimes (with an Abelian G 2 on S 2 ) can be written as [28] 
where ψ, γ, R are functions of the coordinates ρ, T . It is known that the metric (48) is invariant under a coordinate transformation τ : (x, y) → (f (x), g(y)), where x = T + ρ; y = T − ρ and f and g are arbitrary C 2 functions. This freedom is usually used to restrict R, but we shall not do that. Note that the choice R(T, ρ) = ρ in (48) leads to the diagonal version of the (original) Einstein-Rosen metric [7] .
As mentioned in Lemma 2, the presence of trapped cylinders in the interior indicates that an exterior spacetime should also develop trapped cylinders. Berger, Chrùsciel and Moncrief [28] have shown that, for cylindrically symmetric vacuum spacetimes, asymptotic flatness implies that the 2-surfaces of transitivity are never trapped. So, in our case, the existence of trapped cylinders in the interior prevent the exterior from being asymptotically flat. Using the same procedure of Section 4, we find that the 2-surfaces of transitivity are trapped if
and are marginally trapped if this expression is zero. Therefore, the choice R(T, ρ) = ρ leads to a spacetime without trapped surfaces of transitivity and, since we know that the interior develops such surfaces, we won't be able to use this choice for R(T, ρ) in the exterior. Consider now the matching of (48) to (43). From the interior, the matching will be performed across cylinders S − , as described in the previous section. From the exterior the matching surface is parametrized by Φ + = {T = T (λ), ρ = ρ(λ),φ = ϕ,z = ξ} or equivalently Φ + = {x = x(λ), y = y(λ),φ = ϕ,z = ξ}. Since the matching surface is timelike thenẋẏ = 0 and we may use τ (i.e. the freedom previously mentioned) to choose x = λ, y = λ, or equivalentlẏ
A similar choice was used in [11] . The first fundamental form on S + is then
The equality of the first fundamental forms (46) and (50) gives
where S = means that the equality is taken on matching surface S, which is an abstract copy resulting from the identification of S − and S + . Now, the normal form in S + can be taken as
so that the non-zero components of the second fundamental forms are
Then, the equality of the second fundamental forms (54) and (47) gives
Due to (51) andṪ = 1, we also have
In order to show the existence of solutions to the system formed by the matching equations and the Einstein equations, we proceed as follows: We assume the interior is known and provides data on the matching boundary. The EFEs in the exterior form a system of hyperbolic equations in the quotient space Q of the spacetime by the symmetries (i.e. the (T, ρ)-space) and data can be given on any non-characteristic curve in Q. The boundary of the dust defines such a curve, although it is a timelike surface in spacetime. Therefore, we will be able to deduce the existence and uniqueness of solutions in the domain of dependence of the curve on which data is given. In this case, the domain of dependence of S in Q is D = {T + ρ < α 2 − ρ 2 0 + ρ 0 , ρ ≥ ρ 0 }. Since the interior colapses to a singularity, then the data curve has an end and there is a Cauchy horizon, which corresponds to the boundary of the domain of dependence, at T + ρ = α 2 − ρ 2 0 + ρ 0 . The solution to (70), which satisfies the matching conditions at S, is
This solution clearly satisfies the wave equation (70) and it is easy to check that the constraints (72) and (73) are also satisfied at S. In turn, the remaining EFEs (69) and (71) can be seen as providing γ ,ρρ and ψ ,ρρ on S.
Since we know data for the exterior metric and its normal derivatives at the boundary, it now follows from standard theorems for linear hyperbolic partial differential equations [29] , applied to (71), that a unique ψ exists in the interior of the domain of dependence D of S, see also [11] . Since γ S = ψ and γ ,ρ S = ψ ,ρ , once we have ψ, we apply a similar argument to (69) to get a unique γ in the interior of D. This concludes the spacetime matching, as we have constructed a vacuum exterior which matches on to the dust interior, at least locally, i.e. inside the domain of dependence of S, and thus proved: Using our (local) methods, it is unclear whether the spacetime can be extended beyond the Cauchy horizon and this certainly deserves future study. In order to get a solution further away from the matching surface, numerical methods can be used to integrate equations (69) and (71), but we haven't done that. Examples of numerical integration of similar equations have been recently implemented in [30] , in another context, using Galerkin methods.
Some properties of the matched solution
In this section, we explore properties of the matched spacetime. We are specially interested in the formation of trapped cylinders and in classical measures of the gravitational radiation.
In order to analyse trappedness of the 2-surfaces of transitivity we calculate the curves θ (+) = 0 and θ (−) = 0 in the exterior, which is equivalent to calculate R ,x = 1 2 (R ,T + R ,ρ ) = 0 and R ,y = 1 2 (R ,T − R ,ρ ) = 0, respectively. The condition for the existence of marginally trapped cylinders in the exterior, is then equivalent to
which, at the matching surface, reduces to It is easy to check that the marginally outer trapped cylinders in the interior, given by (45), meet the marginally outer trapped cylinders of the exterior at the matching boundary, as plotted in Figure 2 . This was already foreseen as a result of Lemma 2, but it is an interesting consistency check.
Another interesting property is that the magnetic part of the Weyl tensor for the exterior H + αβ , with respect to u α = e 2(ψ−γ) δ α 0 , vanishes at the boundary S, although it is non-zero away from S. This has been checked explicitely, but it can also be seen from the fact that the matching conditions force H αβ to be continuous across S, in this case, and H − αβ S = 0. On the other hand, the electric part of the Weyl tensor is non-zero and varies with time on the boundary.
So, we now turn to this analysis of gravitational radiation and, in order to do that, we consider the Weyl spinor in the exterior. In the complex null tetrad 
which result in the expressions (75). At the matching boundary, those expressions simply give
The components Ψ + 0 and Ψ + 4 , in this tetrad, for vacuum spacetimes, are respectively interpreted as incoming and outgoing gravitational radiation (see e.g. [5] ) which, in our case, increases during collapse diverging at the singularity.
Conclusions
We have considered inhomogeneous cylindrically symmetric Λ-dust spacetimes with metric (4) and investigated exact solutions to the EFEs under three assumptions: (i) there is some zero expansion component (6) (ii) the regularity condition at the centre (7) is satisfied and (iii) the energy density of the dust is positive. We have then found new solutions to the EFEs for Λ = 0 and we recovered the Senovilla-Vera dust solutions for Λ = 0. These results are summarised in Theorem 1.
Next, we have revisited the Senovilla-Vera metric and derived new properties regarding the formation of trapped cylinders during gravitational collapse. In turn, those properties were of importance in order to match this metric to an Einstein-Rosen type of exterior containing gravitational waves. This result is written in Theorem 2.
We have then constructed models of cylindrically symmetric inhomogeneous dust of finite radius collapsing on its gravitational field, and having gravitational radiation in the exterior. An interesting aspect of this model comparing to similar ones having spatially homogeneous interiors [11] is that, according the Weyl spinors, there is not only incoming but also outgoing gravitational radiation from the boundary.
Appendix

The interior EFEs
The EFEs for the metric (4) with irrotational dust are:
and the Bianchi identities givė
The exterior EFEs
The EFEs for the cylindrically symmetric vacuum metric (48) are 0 = γ ,T T − γ ,ρρ − ψ 
together with the two constraint equations
The exterior Weyl tensor
For the metric (48), the non-zero components of the electric part of the Weyl tensor are: 
Ψ + 0 = e 2(ψ−γ) 2 −2ψ ,T ρ − ψ ,T T − ψ ,ρρ − 1 R (R ,T + R ,ρ )(ψ ,T + ψ ,ρ ) + R ,T T + R ,T ρ R .
